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Abstract

We study stability of traffic flow under output feedback ramp metering inspired by joint model
predictive control and moving horizon estimation. The running and terminal costs are linear in
cell densities, the terminal set is the uncongested region, and the output comprises of density
measurements from a subset of the cells. For the cell transmission model over a line network, we
provide sufficient conditions on the subset of measurements, the estimation and control horizons,
and the inflows at the ramps under which the traffic system is input to state stable. Our analysis
relies heavily on the monotonicity property of the traffic flow dynamics.
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3 Introduction

The wide spread use of personal mobile devices and the increasing penetration of connected vehicles
are giving rise to new sensing modalities in urban traffic systems, in addition to traditional ones
consisting primarily of loop detectors and cameras. There has been a growing interest in estimating
traffic states from such measurements. Accurate estimates however require a large number of
measurements or a stationary environment. A rigorous understanding of how different combinations
of measurement quality, traffic dynamics and control strategy affect performance, e.g., in terms of
travel time, is lacking in general. The objective of this proposal is to lay the foundations of a
framework that informs joint optimal choice of estimation and control algorithms, under given
sensing modes. The approach can then be further built upon to optimize resource allocation for
traffic sensing infrastructure. Specifically, we develop output feedback ramp metering strategies for
control of freeways, with provable performance guarantees.

4 Stability Analysis of the Cell Transmission Model under MPC-
MHE Ramp Metering

Feedback ramp metering control uses sensing, typically from the freeway mainline, to modulate
inflow from the ramps into mainline. There are two main paradigms: performance evaluation of
a particular control policy, e.g., ALINEA, or designing a control policy which optimizes a given
performance criterion, e.g., see |1]. This project adopts the latter approach, which is also referred
to as the model predictive control (MPC) approach.

The existing control algorithms, which come with performance guarantees, typically require
traffic states of density or queue lengths as inputs. A common approach then is to first estimate
the state from sensor measurements and then input it to control algorithms. However, rigorous
performance analysis of such a sequential approach is lacking. Estimating traffic state from sensor
measurements has attracted sustained research from the transportation science research community,
e.g., see [2-4]. While there has been recent interest in designing control algorithms that can directly
use sensor measurements, e.g., see [5] and an overview in 6], analytical performance evaluation is
lacking.

The paradigm of directly using sensor measurements for control is known as output feedback in
control theory. An overview of linear time-invariant systems is provided in [7]. A modern overview
of MPC is provided in [8]. Stability issues under state feedback are covered in |9}|10]. Independent
state estimation in the context of MPC is discussed in |11]. Output feedback MPC for constrained
linear systems is presented in [12]. Computational techniques underlying the moving horizon control
and estimation in the context of MPC is provided in [13|. Recently, joint estimation and control with
stability guarantees were provided in [14]; however, this result is only initial, and more importantly,
their implications for urban traffic systems under modern or traditional sensing modalities are not
understood yet. In this study, we exploit the properties of cell transmission models and design an
MPC controller with simultaneous state estimation in a similar spirit to [14].

The main contributions of the project are as follows. First, we propose an MPC controller
with simultaneous state estimation that only relies on partial information of traffic states. Sec-
ond, we provide sufficient conditions on the control and estimation horizons, and the amount of
measurements, under which a line network gives maximal throughput under the proposed MPC-
MHE controller. Third, we illustrate through simulations, that an appropriate extension of the
MPC-MHE can maintain maximal throughput even under less measurements.
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We conclude this section by stating key notations to be used throughout the work. For integers
ny and ng > ny, we let [ng : no) := {ni,n1 + 1,...,n2}. For brevity, [1 : ni] will be denoted
compactly as [ni]. We shall use x(t; : t3) to denote the sequence {z(t1),x(t1 + 1),...,x(t2)}.
R>o will denote the set of non-negative reals. For vectors x and y, we shall let < y imply
componentwise inequalities and let x < y imply = < y and x # y. For a vector x, we shall denote
its i-th component either by x; or [z];. All matrices are denoted by uppercase letters in boldface
to differ from numbers denoted by uppercase letters. © denotes the elementwise multiplication
between vectors. I will denote the identity matrix whose dimension will be clear from the context.
For x € R, we let [z]T := max{z,0}.

4.1 Model and Problem formulation

Consider a line freeway segment divided into I cells indexed by @ = 1, ..., I each with one on-ramp
and one off-ramp; see Figure|[l|for illustration. Extension to the case when some cells do not have on-
ramp or off-ramp is straightforward and will not affect the results qualitatively. Let A; represent the
exogenous traffic demand at ramp . Let 2(t) and 2] (t) denote the number of vehicles in cell ¢ and
on ramp 4, respectively, at time ¢t. Let f;(¢) and w;(t) denote outflow from cell ¢ and the inflow into
cell 7 from its on-ramp, respectively, at time ¢. Therefore, u; can be interpreted as a ramp-metering
control at ramp i. Let 3; € (0,1), denote the fraction of outflow from cell ¢ that enters cell i + 1 at
time ¢; the rest of the 1 — f3; fraction exits through the off-ramp. Let 2™ (t) := {z]*(¢) : i € [{]},

Celli-1 Celli Celli+ 1
Bi- 1ﬁ

m Bifi

m
Xi T Xt

Xi-1 i
Off-ramp 1\\ / /On -ramp z\\ Off-ramp i

Figure 1: A line freeway segment.

" (t) = {z(t) : i € ]}, u(t) := {ui(t) : i € [I]}, and A := {N; : ¢ € [I]}, be the compact
notations. We use the Cell Transmission Model [15] with the triangular fundamental diagram to
describe traffic flow dynamics:

T'(t+1) = 2" (t) = fila™ (@) +w ()]

e (t+1) = [ (1) + Bim1 fimn (2™(1) — file™ (1) +ws (W) T, i€ [2:1)

zi(t+1) = i (t) —ui(t) + Ai, 1 € [1]

m 3 m Wi+1 -m m max .

fi(z™(t)) = min {vixi (1), 5 (miH — xiﬂ(t)) ,Ci } , e[l —1]

Fr(a™(6)) = min {ora (1), )
where v;, w;, Z; and Cj"** are parameters in the fundamental traffic diagram. We assume unbounded
queue storage capacity on ramps, i.e., ] (t) € [0,4o00) for all ¢ € [I]. The ramp metering control

u;(t) satisfies:
u;i(t) € [0, min{w;, zf (t) + N}, i€ [{] (2)

where @; denotes the flow capacity of ramp i¢. The constraint in ensures that the traffic state
satisfies z7(t) € [0, ;] for all ¢ € [I], t > 0, under the dynamics in ().
6



Let R be an I x I matrix such that R;;_; = f;—1 for all i € [2 : I], and all other entries being
zero. The control inputs designed in this project will ensure non-negativity of z". Under this
implicit assumption, can be compactly written as:

2"t +1)=2"(t) — XT—-R)f(x™(t)) + u(t)

2"(t+1)=2"(t) —ut) + A 3)

where f(x™) is the compact notation representing the relationship between outflow and the number
of vehicles in (I). Finally, let z(t) = [z™(t) 2"(¢)] denote the state of the entire network.
In the uncontrolled case, i.e., when u(¢) = A, mainline equilibrium flow isﬂ

FUN) = (I -R)™A (4)
Let :L‘frit := —t i € [I] be the critical queue lengths on the mainline cells. We say that a
U

mainline cell ¢ is uncongested if 2" < azfrit. It is shown in [16] that, for every A satisfying @, there
exists a unique uncongested equilibrium state on the mainline. Let us denote this as z""¢()\), i.e.,
fi(@" (X)) = vizi™¢(A) for all ¢ € [I] (see Fig [2| for illustration).

%

fik) #
Cimax ______
I
atoN ! [N
f; () : Wit
1
1
|
1
! >
X)) x

Figure 2: Illustrations of the parameters of the fundamental diagram

We consider the following output:
o) Lo 1[0 ®)

for an appropriate, not necessarily square, matrix C. That is, we assume that we have perfect
information about states of the ramps, but not necessarily for the mainline.

Example 1 Occupancy rate is a commonly available measurement, e.g., through loop detectors [17],
average vehicle length
g Rapwany
length of cell 4
Therefore, when occupancy rate is available, C in s a diagonal matriz, with zero diagonal entries
corresponding to missing detectors on the corresponding cells.

or from connected vehicles [4). [18] shows that the occupancy rate is equal to

1Since all the elements in R are strictly less than one, and hence the spectral radius of R is less than one, the
inverse (I — R) ™! exists and all of its entries are nonnegative.

7



It is of interest to design a control signal {u(t) : ¢t > 0} to minimize a linear cost > 5o, x(t)
subject to —, for given non-negative coefficient vector [. Instead of solving this infinite horizon
problem, the model predictive control (MPC) approach recursively solves a related finite horizon
problem, which at time ¢ is:

t+T-1
> 1Ta(s) + b a(t+1T) (6)

s=t+1
subject to (2)-(3) and a terminal constraint x(t + T') € Xy, where T is the (forward) horizon, and
the coefficient vector b in the terminal cost is non-negative. If {a(t),...,a(t +7T — 1)} denotes

optimal solution to @, then wu(t) is set to be equal to u(t), then @ is re-solved at ¢+ 1 to similarly
obtain u(t + 1), and so on.

In standard MPC, z(¢) is assumed to be known when solving @ In this project, we are
rather interested in the setting where, the controller has knowledge of the past measurements
y(t),y(t—1),... when solving @ A natural approach then is to augment MPC with an estimation
component. We adopt the moving horizon estimation (MHE) approach, and accordingly pursue
the joint MPC-MHE approach, e.g., see |14]. The next section elaborates on this approach.

4.2 The MPC-MHE Ramp Metering Controller

We start by introducing a few notations. For to > 1, let d)if (x°,u(ty : t2 — 1)) denote the state at
time to under (3)) starting from x(¢1) = x° under control inputs u(t; : to—1), and let (;Sf’ (™ u(ty :
to — 1)) denote the corresponding mainline state. For given input sequence u(t; : t2 — 1) and output
sequence y(t; : t2), let the set of feasible initial conditions on the mainline be:

o,m

X = {xo,m € [0, Z] : the trajectory qﬁif ([;ﬁ(h)] su(ty :tg — 1)) satisfies for t € [t1,ta],

¢t2’ (x° (tl1t2—1))§:i"fors:t1,...,t2}
(7)

and let the set of feasible control inputs over a future time horizon T be:

Up, ., (T,Z") = ﬂ Z;{tl:tQ (T, z"52%™)

mom Xom
€ t1:tg

Us, .1, (T, T"; 2°™) = {d(tz tto+ T —1) :4,(t) € [0, min{x} (t) + N\i, u; }], Vi€ [I], t € [ta,ta+T — 1],

¢, ([ ] tlo — 1)7ﬂ(t2:t—1)) <Z VtE[tats+T — 1],

¢t2+T <|:x (t1>] (tl :tz—l),ﬂ(tg :tz—l—T—l)) € Xf}
A (8)
where Xy :={z:0 < 2™ <z 0<az" <z}
Uy, (T, ") is non-empty if A is sufficiently small and if T is sufficiently large. It is natural to
assume that X is sufficiently small so that

[AN) <o, e ] (9)

i.e., the equilibrium flow f¢%()) in the uncontrolled case does not exceed the flow capacity of the

fundamental diagram on mainline cells.
8



Proposition 1 If inflow \ satisfies @ with strict inequalities, then, for every x°™ &€ Xti’:t”; and
", Uy, 4, (T, "5 22™) is non-empty for sufficiently large T

For brevity, we shall denote the set in for the case when " = 0 simply as Uy, .1, (T').

MPC-MHE controller augments control design over a forward horizon of length T" with state
estimation based on observation from the past horizon of length L. Specifically, at each time ¢, for
given input sequence u(t — L : t — 1), output sequence y(t — L : t), we solve the following min-max
problem:

t+T—1
min max J t:t+T—1)) Il 4T t+T 10
ﬁ(t:t-‘rT—l)EL{t_L:t(T) 205 meXtO 72 " ( ( Z d)t ¢ ( )

2O .
where ¢f_;, = ¢ | ([wT(t—L)] yu(t—L:t—1),a(t:s— 1))7 seft:t+1T].

Let (z®™* 4*(t : t + T — 1)) denote a solution to (10). The control input for time ¢ is chosen
as u(t) = u*(t). The process is then repeated at ¢ + 1 to find u(t + 1), and so on.

4.3 Input-to-State Stability of the MPC-MHE Controller

We now find sufficient conditions under which the MPC-MHE controller is stabilizing. Following
[14], this relates to the existence of saddle-point for the min-max problem in . We introduce an
assumption on the matrix C towards this purpose, which will also address the undesirable feature
of the dependence on all feasible initial conditions X o , in

Assumption 1 C is a diagonal matriz such that for every nonzero element c; ;, there exists at least
one nonzero adjacent element c;—1 ;-1 0oT ¢i+1,i+1, and for every zero element c; ;, both cj_1 j—1 and
Cj41,j41 Gre Nonzero.

Proposition 2 Let Assumptzonl be true. There exists i°™ € X7 such that Uy, .4, (T) = Uy, 4, (T; 35™).

Remark 1 The C matriz in Ezample[1] is diagonal; it satisfies Assumption [1] if measurement is
available from an appropriate combination of cells. Note that one needs measurements from at least
2/8 fraction of the cells for the assumption to be true.

Theorem 1 Let Assumption (1| be true, T be sufficiently large, and the inflow X\ satisfy @D with
strict inequalities. Then, for every t > L, past control input sequence u(t — L : t — 1), and past
measured output sequence y(t — L : t), there exist z°™* € X™ and w*(t : t + 1T — 1) such that

J(xo™* a4ttt +T —1)) = min JEom* att+T -1
( ( ) a(t:t+T—1)eUy_1.+(T) ( ( )

= max J@@>™a*(t:t+T 1))

Lom °,m
EX L

(11)

m,*

Moreover, the initial condition x® is the unique mazimal element in Xto_’TZ,t.

Remark 2 1. Theorem 1| suggests that to find a pair (z®™,4*(t : t + T — 1)), one can first
find the maximal element x°™* in X" and then solve the minimization problem in for
wr(t:t+T—1).



2. If conditions of Theorem[]] hold true then one can write

J(@O™* @t t+ T — 1)) = i V(@™ (t),a(t : t+ T — 1)) = V*(@™"(t
Gl D= s BB, VET0,4 ) = V™)

where £™*(t) = ¢§’_mL(x°’m’*, u(t— L :t—1)), in terms of a cost-to-go function V.

We now state the result on the input-to-state stability of the closed-loop system consisting of
, in feedback with the MPC-MHE controller in , with the exogenous inflow A interpreted
as the input in this context. In order to achieve this, we need additional conditions on the system,
the backward horizon L, and the cost coefficients.

Theorem 2 Let Assumption be true, T be sufficiently large, and the inflow \ satisfy @D strictly.

Furthermore, let the following be true: (i) for allu(t—L—1:t—1), y(t—L—1:t) and 2" (t—L—1: 1),

t>L+1:

FOm

" (t—L—1)
(12)

and, (i) for every \ satisfying @D strictly, there exists a control u that satisfies and an >0

such that

Vo™ e X277, 3™ st ¢i:§’ﬁ(i°’m,u(t—L—l)) =z°" & y(t-L-1)=C {

b o (z,u) —b e < 1Tz +n"A (13)
§+1(a:,u)€.?\?f, VSUEXf

Then, the closed-loop system consisting of , in feedback with the MPC-MHE controller in
(11) is input-to-state stable with respect to A, i.e.,

@)l < (L)1, 1) +(All), VE= L, =(0) e X (14)

2

t
3ack 3 <k . .
where B(k,t) = (1 — al) e and (k) = 202Tmax with Mmax = Mmax; n;, a1 = min; l; and

T
ag = Tmax;c —5 - max{li, b;}.
L

Remark 3 [t is straightforward to see that ™ which satisfies belongs to X"} 1, ;.

Example 2 A combination of u, | and b is as follows. Pick uw = A, | to be arbitrary in RI>0,
and b such that b; = [(I — R)~"l];/vi, i € [I]. Recall that for every x € Xy, we have 2" = 0
and fi(z™) = v;x™. Therefore, b' (p(z,u)—2) = b (A — (I—R)f(2™)) < 1Tz + 1"\, where
the inequality follows from b; = [(I — R)™"1];/v;, i € [I]. This establishes the first condition in
(13). The second condition follows from the proof of Pmposz’tion m Appendi:v where we show

positive invariance of Xy under u = .

4.4 Simulations

Consider a line network consisting of ten cells. Similar to [16], we assume homogeneous cells, with
0.5
parameters v; = 0.5veh /time step, w; = ?Veh/‘cime step, Z; = 160 veh/cell, C*** = 20 veh/time step.

[R =7]. Performance of the MPC-MHE controller is evaluated in terms of throughput, for different

C; throughput is defined as the maximal element in (I — R)™!\ as throughput.
10
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Figure 3: Traffic evolution under maximal demand with various numbers of
missing sensors

We investigate the ability of the traffic flow under MPC-MHE control to maintain throughput
set to 19.9 veh/time step that is closed to C™#*. As shown in Figure [3| with missing sensors, the
controller is still able to maintain the throughput. For performance in terms of the total number
of vehicles, full information provides a lower bound on the performance. As the number of missing
sensors increases, the performance becomes worse but still significantly better than no control case.

4.5 Technical Results

In this section, we collect technical results to be used later in the proofs.
The following strictly monotone property of the dynamics in is proven in [16].

2

Lemma 1 For any control sequence u(ty : ta — 1) and mainstream states x> < x°™2  we have

G2 (2O u(ty <ty — 1)) < @2 (a2 u(ty <ty — 1)) for all ty > 1.

Definition 1 A set X is said to be closed with respect to componentwise maximization if the fol-
lowing implication holds: z',x?> € X = max{x!, 2?} € X, where max is elementwise mazimum.

The following result is straightforward, whose proof can be found in [19].

Lemma 2 Let set X be compact and closed with respect to componentwise maximization. Then,
there exists a unique T € X such that £ > x for all x € X.

We call such a element & the mazimal element in the set X.

4.6 Proof of Proposition

It is sufficient to provide proof for the special case when z" = 0. Following Proposition 2] and
Lemma 1} it suffices to show that the set Uy, ., (T,0; ™) is not empty. Consider the following
control policy:

0, 3j €[] st ' (t) > a§
ui(t) = § min{af (t) + Ay, v 2§}, i=1, & a™(t) <zt (15)
min{x;ﬂ(t) + /\i,UiZL'grit — 61;1%71%'7711@)}, 1€ [2 . I], & l’m(t) S :Ecrit
1



This control policy first steers the mainline to uncongested regime, i.e., to [0, 2] in finite
time by stopping inflow into the mainline altogether. Therefore, without loss of generality, one
can assume that the initial condition is in [0, 2°*]. From such an initial condition, we now show
that, under the control policy in (L5), [0, 2] is positively invariant. For i = 1, (I5) implies
that u1(t) < v12$. Combining this with 2§ = 2§t + o121t — v2§t 27(0) < 2§, and
Lemma gives (1) < 2t For i > 2, implies u(0) < v;28" — B;_1v;_127 ,(0). Therefore,
o > o+ Bigvia@ (0) — virf™ +ui(0) 2 27(0) + Bi1vi-1272 1 (0) — vir]" + u;(0) = 27(1).

We now show that on-ramp queue lengths are steered to zero in finite time, and that the on-ramp
queue lengths remain zero thereafter. Let L£(t) := {i € [I] : z](t) > vixfrit — Bic1viciz () — Ni}
For i # L(t), z[(t + 1) = ] (t) + N — ui(t) = 2] (t) + N — (2] (t) + \;) =0, i.e., once an on-ramp
is outside L(t) it stays there and its queue length reaches zero and stays there in at most one time
step.

For 7 € ﬁ(t), ul(t) = ’Uix(-:rit — ﬁiflvifll‘?zl(t) > ’l)ixgrit — 51;1%71%‘?315@)

7

Combining this with A = (I — R)z""°()\), gives:

Z zi(t+1) < Z xp (t) + 17 (I — RL(t)) (fﬂ(t)(37unc(>\)) _ fﬁ(t)(xcrit))

[(T—R)f (™).

ieL(t) i€L()
< > A - L0 min ATA-R)L- [(F@™) = F@ )k 16)
i€L(t)

where 1 is vector of all ones, R is the sub-matrix of R corresponding to the rows/columns in £(t);
similarly f (z""¢(N)) and fz) (") are the sub-vectors of f(z"*¢())) and f(z"), respectively,
corresponding to entries in £(t). The entries of f(z"¢()\)) — f(z°"*) are all negative, and the entries
of Ry () are all strictly less than one. implies that the sum of queue lengths on ramps in £(t)
is strictly decreasing and the rate of decrease is bounded away from zero. Therefore, £(¢) becomes
empty in finite time. Combined with the earlier conclusion that queue lengths on ramps not in £(t)
go to zero and stay at zero in at most one time step gives the desired result.

4.7 Proof of Proposition

The proposition follows once we show that %™ is the maximal element of A'*". This is because

Upy o (T529™) C Uy, 4, (T') then follows from the strict monotonicity property in Lemma

Xti’g; is compact by definition in . Therefore, following Lemma we just need to show that
X is closed with respect to componentwise maximization. Consider z°™! € X7, zom™? €
Xti’g;, ol £ pom2 - Let %™ := max{z>™! 2°™2} be the elementwise maximum. We first

o,m
show by induction on ¢ that the trajectory ¢§1 <[;’i(t )] su(ty ot — 1)) = 2™ (t) satisfies for
1
t =1t1,...,ts. Let the notations 2™ (t) and 2™2(t) be defined similarly.

For a cell i with ¢;; # 0, we have y;(¢1) = cmxzm’l(tl) = cmxzn’z(tl), giving xzm’l(tl) = xT72(t1) =
2™ (t1), where the last equality follows from the definition of 2. Therefore, gives:
2" (tr + 1) = 27" (t1) + min{Bi—1vi—127% 4 (t1), wi(Z; — 27" (t1)), Bim1 CFZ°

w:
22 (@i — @ (1)), CP™} + ui(h)

B

Since cmwzn’l(tl +1) = civix;ng(tl + 1), we have x;n’l(tl +1) = 1:2”’2(151 + 1) and therefore,

— min{v;x}"(t),
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following :

min{ B 101271 (1), wi(@; — 7 (8)), B C%FY — min{va™ (1), wg S (T — 2] (0), O}
:min{ﬁz‘—wi—liﬂ?ﬁ(h%wi(ﬂ?“z'— 2(t1)), Bi—1C5} — min{v;z’] ’2(751),%(@#1—fﬂﬁ’f(tl)),cflax}
(17)

Following Assumption let ¢;—1-1 # 0, ie., xﬁ%(tl) = :c?i’%(tl); the alternative case of ¢t i+1 #
0, i.e., xf}ri (t1) = ;77 (t1) can be handled similarly. Using 27N (ty) = 2I?(ty) in (I7), we have
that

. Wi+1 ,_ . Wit+1 ,_
min{v;z"" (t1), ;; (Zir1 — 2} (1)), O™} = min{viz]™* (), g (Tir1 — 21 (), O™}
(2 (2
+1 -
= min{v;z;" (t1), EF (Zit1 — x4 (t1)), G}
(2
where the last equality again follows from the deﬁnition of 2™, since xm’l(tl) = m’ ( x™(ty)

’LU+1

1) =
w252 51 1 0) S (74— a1 (1)) and 5 (741 — 7 2(11)). There-
fore, is equal to min{S3;_1v;—12]"(t1), LITZ(IL’Z—I'Z (t1)), BisaC"3*} — mln{vl m(ty), wﬁ (Tit1 —
xﬁl(tl)),c;m}. Following (T]), this implies that =" (t; +1) = z]*(t;+1) = ¢t1+1( a(t1), u(ty)) =

Tt +1).

For a cell ¢ with ¢;; = 0, following Assumption (I} l we have ¢;11, ,+1 # 0 and cZ 1,i—1 7 0. Fol-
lowing similar analysis as above, these respectively imply that x; +1(t1) = 2" 2(ty) = xit g (t1)
and 2" (t) = a{(t1) = 2 (t1), and hence fi(z™'(t1)) = fi(a™2(t1)) = fi(z™(t1)) and
fici(@™i(t)) = fZ (2™ (t1)) = fi_l( (1)) respectlvely Therefore, z*(t1 + 1) = z*(t1) +
Bi- 1fz 1(:13 (t1)—fi(e™ (tr)) = max{z]™" (tr), 2" (t2) }+Bi-1 fia (2™ (¢ ))—f( ™ (t1)) = max{z"" (t1+
1), 2% (t + 1)}

4.8 Proof of Theorem

7
< 7.

For every input sequence @(t : t + T — 1) € Up_14(T), the maximization problem in (10):

max  J(z*" a(t:t+T —1)) (18)

o,m o,m
zomeX, ",

admits a unique solution z°™* which is the maximal element of Xt 1.+ This is because every

other 2™ € X", satisfies that z>™ < x°™* which implies that ¢;"7 (2>, u(t — L : t — 1), a(t :

s—1)) < ¢ (2™ * u(t —L:t—1),a(t:s—1)) forall s € [t — L : ¢+ T] according to Lemma

Since [ and b are positive, this then implies J(z>™, a(t : t + T — 1)) < J(z>™* A(t t+7T—-1)).
Let a*(t: t + T — 1) be an optimal solution to the minimization problem in (10)):

min J(@o™F att+ T — 1))
A(t:t+T—1)EUy—1.+(T)

Therefore, J* = J(z*™*,a*(t : t + T — 1)). Since z°™* is the unique optimal solution in ([I8),
J(@™* ot t+T —1))= max J(@>™,a*(t:t+T — 1))

romexm

13



4.9 Proof of Theorem

The proof is in two steps:

0,m,*
1. Consider the trajectory {:E(t) = [:C xr(t)(t)] > O} constructed from the solution to .

This #(t) is a trajectory of the nominal closed-loop system consisting of in feedback with
the state feedback MPC controller corresponding to the minimization problem in (11)).

2. The value function in possesses a dissipativity-like property and serves as an input-to-
state Lyapunov function for the nominal closed-loop system. The input-to-state stability of
this nominal system then implies input-to-state stability of the closed-loop system consisting
of , in feedback with the output-feedback MPC-MHE controller in .

We now prove these two claims.

A>T .. Moreover, (12)) implies that #°™ € XtotmL (cf. Remark (3 ' We now show that in fact
Z°™ is the unique rnax1mal element x>™*(t) of X}
that z°™*(¢t + 1) is the unique maximal element in X ;7. Therefore, £ = z®™*(t) and
2o (1) = Gy (e D)su(i— L1 1).
the minimization in for state > *(t). In other words, the sequence &(t) := [ (1)

Step 2: We now analyze input-to-state stability of the nominal closed-loop system. Let Z(s), s €

Step 1: Theorem 1] 1mphe5 that there exists a unique maximal element, say z"*(t 4+ 1), i
t4 Lt L4110
o ubeL Suppose not. Therefore, 2% < z%™*(t).
Lemmathen implies that z°™*(t+1) = ¢ (™ ul(t )) < @ (2™ *(t), u(t)), which contradicts
41t LA1°
2°™* (t41) = @i ™ (22™* (1), u(t)). One can continue along these lines to show by induction that
Since x*™*(t — L) is the unique maximizer in , u(t) can be equivalently obtained by solving
0,m,*

‘ (t>] 20,
can be interpreted as a trajectory of the closed-loop system consisting of in feedback with
state-feedback MPC controller defined by the minimization problem in .

{t+2,...,t+T+1} be the state values starting from Z(¢+1) given control sequence a(t+1:s—1).
implies that there exists (¢t + T') such that

bl Tt @t + 1), at+T)) —b' 2t +T) < —1"2t+T)+n'at+7T), Vi(t+T)eXs (19)

Recall from Remark[2)that there exist @*(¢ : t+7'—1) and @*(t+1 : t+7') such that, respectively,

V*(&(t) =V (&(t),a" (t:t+T —1))

* (A - ~ % P ~ % ~ (20)
V¥Eit+1)=V(@it+1),a"t+1:t+7)) <V(z(t+1),a"(t+1:t+T—1),a(t+171))

where the last inequality follows from the feasibility of {a*(¢t +1:¢t+ T — 1), a(t + T)}. This is
because 0*(t : t+ 7T — 1) € Uy_r:4—1(T) and therefore Z(t +T') € Xy; &(t+T +1) € X} then follows

from . implies

V*(i(t+1))—V*(:f;(t)) V(Et+1),0"t+1:t+T—1),at+T)) —V(z@®),a" (t:t+T—1))
b o(@t+T),at+T)) —b &t +T)+1"2(t+T) — 1" &(t)

=T () + 1A

| /\

where the last inequality follows from ([19)). [20, Theorem 2.5 then implies that the nominal closed-
loop system is input-to-state stable with respect to A, i.e., . ) holds true.
Recall that the state of the nominal system, Z(¢) is the maximal element in X,”"/, which also

contains the state x(t) of the actual system. That is, Z(¢t) > x(¢) for all ¢ > 0. Moreover, it
14



is straightforward to see that the MPC-MHE controller generates the same control signal as the
state-feedback MPC controller. Therefore, Lemma [I]implies that the nominal closed-loop system is
always an upper bound for the closed-loop system with the MPC-MHE controller, and hence
is true.

5 Conclusion and Future Work

In this project, we adopted the MPC-MHE framework to design an output feedback ramp meter-
ing control. For a line network modeled by the Cell Transmission Model, we provided sufficient
conditions for input-to-state stability. There are several avenues for further research. It will be in-
teresting to extend the results to general network configuration, other output models, general traffic
flow models, and to other estimation techniques such as particle filtering and extended Kalman fil-
ter, as well as to estimation techniques specifically developed for traffic flow models, e.g., see [21-23].
This work could be thought of as a first step towards data-driven feedback traffic flow control with
provable guarantees. Therefore, a natural next step could also be to study the model-free setting,
e.g., in the spirit of [24]. Finally, it would be of interest to explore spatial sparsity of the dynamics
to investigate sparsity in the structure of output feedback controller, along the lines of our recent
work on MPC-based traffic flow control |25].

6 Implementation

Not applicable.

7 References

References

[1] A. Hegyi, B. De Schutter, and H. Hellendoorn. Model predictive control for optimal coordination of
ramp metering and variable speed limits. Transportation Research Part C, 13(3):185 — 209, 2005.

[2] Yibing Wang and Markos Papageorgiou. Real-time freeway traffic state estimation based on extended
kalman filter: a general approach. Transportation Research Part B: Methodological, 39(2):141-167,
2005.

[3] Juan C Herrera and Alexandre M Bayen. Incorporation of Lagrangian measurements in freeway traffic
state estimation. Transportation Research Part B: Methodological, 44(4):460-481, 2010.

[4] Toru Seo, Alexandre M Bayen, Takahiko Kusakabe, and Yasuo Asakura. Traffic state estimation on
highway: A comprehensive survey. Annual reviews in control, 43:128-151, 2017.

[5] Yiheng Feng, Jianfeng Zheng, and Henry X Liu. Real-time detector-free adaptive signal control with
low penetration of connected vehicles. Transportation Research Record, 2672(18):35-44, 2018.

[6] Qiangqiang Guo, Li Li, and Xuegang Jeff Ban. Urban traffic signal control with connected and auto-
mated vehicles: A survey. Transportation research part C: emerging technologies, 2019.

[7] Vassilis L Syrmos, Chaouki T Abdallah, Peter Dorato, and Karolos Grigoriadis. Static output
feedback—a survey. Automatica, 33(2):125-137, 1997.

[8] David Q Mayne. Model predictive control: Recent developments and future promise. Automatica,
50(12):2967-2986, 2014.

15



9]
[10]
11)
12)

[13]

[14]
[15]

[16]

[17]

[18]
[19]
[20]

21]

[22]

23]

24]

[25]

8

James Blake Rawlings and David Q Mayne. Model predictive control: Theory and design. Nob Hill
Pub., 2009.

Manfred Morari and Jay H Lee. Model predictive control: past, present and future. Computers &
Chemical Engineering, 23(4-5):667-682, 1999.

James B Rawlings and Bhavik R Bakshi. Particle filtering and moving horizon estimation. Computers
& chemical engineering, 30(10-12):1529-1541, 2006.

David Q Mayne, SV Rakovi¢, Rolf Findeisen, and Frank Allgéwer. Robust output feedback model
predictive control of constrained linear systems. Automatica, 42(7):1217-1222, 2006.

Frank Allgéwer, Thomas A Badgwell, Joe S Qin, James B Rawlings, and Steven J Wright. Nonlinear
predictive control and moving horizon estimation—an introductory overview. In Advances in control,
pages 391-449. Springer, 1999.

David A Copp and Joao P Hespanha. Simultaneous nonlinear model predictive control and state
estimation. Automatica, 77:143-154, 2017.

Carlos F Daganzo. The cell transmission model: A dynamic representation of highway traffic consistent
with the hydrodynamic theory. Transportation Research Part B: Methodological, 28(4):269-287, 1994.

Gabriel Gomes, Roberto Horowitz, Alex A Kurzhanskiy, Pravin Varaiya, and Jaimyoung Kwon. Be-
havior of the cell transmission model and effectiveness of ramp metering. Transportation Research Part

C: Emerging Technologies, 16(4):485-513, 2008.

Chao Chen, Karl Petty, Alexander Skabardonis, Pravin Varaiya, and Zhanfeng Jia. Freeway perfor-
mance measurement system: mining loop detector data. Transportation Research Record, 1748(1):96—
102, 2001.

Michael J Cassidy and Benjamin Coifman. Relation among average speed, flow, and density and
analogous relation between density and occupancy. Transportation Research Record, 1591(1):1-6, 1997.

David Angeli, Patrick De Leenheer, and Eduardo D Sontag. A small-gain theorem for almost global
convergence of monotone systems. Systems & control letters, 52(5):407-414, 2004.

Mircea Lazar, D Munoz De La Pena, WP Maurice H Heemels, and Teodoro Alamo. On input-to-state
stability of min—max nonlinear model predictive control. Systems & Control Letters, 57(1):39-48, 2008.

Isik Ilber Sirmatel and Nikolas Geroliminis. Economic model predictive control of large-scale urban
road networks via perimeter control and regional route guidance. IEEE Transactions on Intelligent
Transportation Systems, 19(4):1112-1121, 2017.

Isik Ilber Sirmatel and Nikolas Geroliminis. Nonlinear moving horizon estimation for large-scale urban
road networks. IEEE Transactions on Intelligent Transportation Systems, 2019.

Sebastian A Nugroho, Ahmad F Taha, and Christian G Claudel. A control-theoretic approach for scal-
able and robust traffic density estimation using convex optimization. IEEE Transactions on Intelligent
Transportation Systems, 22(1):64-78, 2019.

Julian Berberich, Johannes Kohler, Matthias A Miiller, and Frank Allgéwer. Data-driven model pre-
dictive control with stability and robustness guarantees. IEEE Transactions on Automatic Control,
66(4):1702-1717, 2020.

S. Jafari and K. Savla. A decentralized feedback approach for flow control in highway traffic networks.
Automatica, 2022.

Data Management Plan

Products of Research

No new data was collected for this project. Only simulation data was generated.
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Data Format and Consent

All the simulations were done in Matlab.

Data Access and Sharing

The input/output data for the simulations in this report is available at https://viterbi-web.
usc.edu/ ksavla/code.html.

Reuse and Redistribution

The data can be reused freely for non-commercial purposes. Its usage, in original or after modifi-
cation, in publications is to be done with due acknowledgement to the authors of this report and
by citation of relevant publications by the authors.
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